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Abstract
We calculate the magnetic moments of ∆ baryons within the frame-
work of QCD sum rules. A comparison of our results on the magnetic
moments of the ∆ baryons with the predictions of different approaches
is presented.
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1 Introduction
The extraction of the fundamental parameters of hadrons from experimen-
tal data requires some information about physics at large distances and they
can not be calculated directly from fundamental QCD Lagrangian because at
large distance strong coupling constant, αs, becomes large and perturbation
theory is invalid. For this reason for determination of hadron parameters, a
reliable non-perturbative approach is needed. Among other non-perturbative
approaches, QCD sum rules [1] is an especially powerful method in studying
the properties of low-lying hadrons. In this method, deep connection between
the hadron parameters and the QCD vacuum structure is established via a
few condensate parameters. This method is adopted and extended in many
works (see for example Refs. [2, 3, 4] and references therein). One of charac-
teristic parameters of the hadrons is their magnetic moments. Calculation of
the nucleon magnetic moments in the framework of QCD sum rules method
using external fields technique, first suggested in [5], was carried out in [6, 7].
They were later refined and extended to the entire baryon octet in [8, 9].
Magnetic moments of the decuplet baryons are calculated in [10, 11]
within the framework of QCD sum rules using external field. Note that
in [10], from the decuplet baryons, only the magnetic moments of ∆++ and
Ω− were calculated. At present, the magnetic moments of ∆++ [12], ∆0 [13]
and Ω− [14] are known from experiments. The experimental information
provides new incentives for theoretical scrutiny of these physical quantities.
In this letter, we present an independent calculation of the magnetic mo-
ments of ∆++, ∆+, ∆0, and ∆− within the framework of an alternative
approach to the traditional sum rules, i.e. the light cone QCD sum rules
(LCQSR). Comparison of the predictions of this approach on magnetic mo-
ments with the results of other methods existing in the literature, and the
experimental results is also presented.
The LCQSR is based on the operator product expansion on the light
cone, which is an expansion over the twists of the operators rather than
dimensions as in the traditional QCD sum rules. The main contribution
comes from the lower twist operator. The matrix elements of the nonlocal
operators between the vacuum and hadronic state defines the hadronic wave
functions. (More about this method and its applications can be found in
[15, 16] and references therein). Note that magnetic moments of the nucleon
using LCQSR approach was studied in [17].
The paper is organized as follows. In Sect. II, the light cone QCD sum
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rules for the magnetic moments of ∆++, ∆+, ∆0, and ∆− are derived. In
Sect. III, we present our numerical analysis and conclusion.
2 Sum Rules for the Magnetic Moments of ∆
baryons
According to the QCD sum rules philosophy, a quantitative estimate for
the ∆ magnetic moment can be obtained by equating two different repre-
sentations of the corresponding correlator, written in terms of hadrons and
quark-gluons. For this aim, we consider the following correlation function
Πµν = i
∫
dxeipx〈0|T ηBµ (x)η¯Bν (0)|0〉γ , (1)
where T is the time ordering operator, γ means external electromagnetic
field. In this expression the ηBµ ’s are the interpolating currents for the baryon
B. This correlation function can be calculated on one side phenomenologi-
cally, in terms of the hadron properties and on the other side by the operator
product expansion (OPE) in the deep Eucledian region of the correlator
momentum p2 → −∞ using QCD degrees of freedom. By equating both
expressions, we construct the corresponding sum rules.
On the phenomenological side, by inserting a complete set of one hadron
states into the correlation function, Eq. (1), one obtains:
Πµν(p
2
1, p
2
2) =
∑
B1, B2
〈0|ηBµ |B1(p1)〉
p21 −M21
〈B1(p1)|B2(p2)〉γ 〈B2(p2)|η
B
ν |0〉
p22 −M22
, (2)
where p2 = p1 + q, q is the photon momentum, Bi form a complete set of
baryons having the same quantum numbers as B, with masses Mi.
The matrix elements of the interpolating currents between the ground
state and the state containing a single baryon, B, with momentum p and
having spin s is defined as:
〈0|ηµ|B(p, s)〉 = λBuµ(p, s) , (3)
where λB is a phenomenological constant parametrizing the coupling strength
of the baryon to the current, and uµ is the Rarita-Schwinger spin-vector
satisfying ( 6 p − MB)uµ = 0, γµuµ = pµuµ = 0. (For a discussion of the
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properties of the Rarita-Schwinger spin-vector see e.g. [18]). In order to
write down the phenomenological part of the sum rules, one also needs an
expression for the matrix element 〈B(p1)|B(p2)〉γ . In the general case, the
electromagnetic vertex of spin 3/2 baryons can be written as
〈B(p1)|B(p2)〉γ = ǫρu¯µ(p1)Oµρν(p1, p2)uν(p2) , (4)
where ǫρ is the polarization vector of the photon and the Lorentz tensor Oµρν
is given by:
Oµρν(p1, p2) = −gµν
[
γρ(f1 + f2) +
(p1 + p2)ρ
2MB
f2 + qρf3
]
−
− qµqν
(2MB)2
[
γρ(g1 + g2) +
(p1 + p2)ρ
2MB
g2 + qρg3
]
(5)
where the form factors fi and gi are (in the general case) functions of q
2 =
(p1 − p2)2. In our problem, the values of the formfactors only at one point,
q2 = 0, are needed.
In our calculation, we also performed summation over spins of the Rarita-
Schwinger spin vector,
∑
s
uσ(p, s)u¯τ(p, s) = −( 6p+MB)
2MB
{
gστ − 1
3
γσγτ − 2pσpτ
3M2B
+
pσγτ − pτγσ
3MB
}
(6)
Using Eqs. (3-6), the correlation function can be expressed as the sum of
various structures, not all of them independent. To remove the dependencies,
an ordering of the gamma matrices should be chosen. For this purpose the
structure γµ 6 p1 6 ǫ6 p2γν is chosen. With this ordering, the correlation function
becomes:
Πµν = λ
2
B
1
(p21 −M2B)(p22 −M2B)
[
gµν 6p1 6ǫ 6p2 gM
3
+
+ other structures with γµ at the beginning and γν at the end ](7)
where gM is the magnetic form factor, gM/3 = f1+f2. gM evaluated at q
2 = 0
gives the magnetic moment of the baryon in units of its natural magneton,
eh¯/2mBc. The appearance of the factor 3 can be understood from the fact
that in the nonrelativistic limit, the maximum energy of the baryon in the
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presence of a uniform magnetic field with magnitudeH is 3(f1+f2)H ≡ gM H
[19].
The reason for choosing this structure can be explained as follows. In
general the interpolation current might also have a non-zero overlap with spin
1
2
baryons, but spin 1
2
baryons do not contribute to the structure gµν 6p1 6 ǫ 6p2
since their overlap is given by:
〈0|ηµ|J = 1/2〉 = (Apµ +Bγµ)u(p) (8)
where ( 6p−m)u(p) = 0 and (Am+ 4B) = 0 [19, 20].
In order to calculate the correlator (1) from the QCD side, first, appro-
priate currents should be chosen. For the case of the ∆ baryons, they can be
chosen as (see for example [11]):
η∆
++
µ = ǫ
abc(uaTCγαu
b)uc ,
η∆
+
µ =
1√
3
ǫabc[2(uaTCγαd
b)uc + (uaTCγαu
b)dc] ,
η∆
0
µ =
1√
3
ǫabc[2(daTCγαu
b)dc + (daTCγαd
b)uc] ,
η∆
−
µ = ǫ
abc(uaTCγαu
b)uc , (9)
where C is the charge conjugation operator, a, b, c are color indices. It should
be noted that these baryon currents are not unique, one can choose an infinite
number of currents with the ∆ baryon quantum numbers [4, 21].
On the QCD side, for the same correlation functions we obtain:
Π∆
++
µν = Π
′∆++
µν +
1
2
ǫabcǫdef
∫
d4xeipx〈γ(q)|u¯fAiua{
2Scdu γνS
′be
u γµAi + 2S
cd
u γνA
′
iγµS
be
u +
+2AiγνS
′cd
u γµS
be
u + S
cd
u Tr(γνS
′
u
be
γµAi)+
+Scdu Tr(γνA
′
iγµS
be
u ) + AiTr(γνS
′
u
cd
γµS
be
u )
}
|0〉 (10)
Π∆
+
µν = Π
′∆+
µν −
1
6
ǫabcǫdef
∫
d4xeipx〈γ(q)|u¯dAiua{
2AiγνS
′
d
be
γµS
cf
u + 2AiγνS
′
u
cf
γµS
be
d +
+2Sbed γνA
′
iγµS
cf
u + 2AiTr(γνS
′
u
cf
γµS
be
d )+
+Sbed Tr(γνA
′
iγµS
cf
u )+
4
+2Scfu γνS
′
d
be
γµAi + 2S
cf
u γνA
′
iγµS
be
d +
+2Sbed γνS
′
u
cf
γµAi + 2S
cf
u Tr(γνA
′
iγµS
be
d )+
+Sbed Tr(γνS
′
u
cf
γµAi)
}
+ d¯eAid
b
{
2Sadu γνA
′
iγµS
cf
u + 2S
ad
u γνS
′
u
cf
γµAi+
+2AiγνS
′
u
ad
γµS
cf
u + 2S
ad
u Tr(γνS
′
u
cf
γµAi)+
+AiTr(γνS
′
u
ad
γµS
ad
u )
}
|0〉 (11)
where Ai = 1, γα, σαβ/
√
2, iγαγ5, γ5, a sum over Ai implied, S
′ ≡ CSTC,
A′i = CA
T
i C, with T denoting the transpose of the matrix, and Sq is the full
light quark propagator with both perturbative and non-perturbative contri-
butions:
Sq = 〈0|T q¯(x)q(0)|0〉
=
i 6x
2π2x4
− 〈q¯q〉
12
− x
2
192
m20〈q¯q〉 −
− igs
∫ 1
0
dv
[ 6x
16π2x2
Gµν(vx)σµν − vxµGµν(vx)γν i
4π2x2
]
(12)
The Π′∆µνs in Eqs. (10) and (11) describe diagrams in which the photon
interact with the quark lines perturbatively. Their explicit expressions can
be obtained from the remaining terms by substituting all occurances of
q¯a(x)Aiq
bAiαβ → 2
(∫
d4yFµνyνS
pert
q (x− y)γµSpertq (y)
)ba
αβ
(13)
where the Fock-Schwinger gauge is used, and Spertq is the perturbative quark
propogator, i.e. the first term in Eq. (12).
The corresponding expressions for the correlation functions for the ∆−
and ∆0 baryons can be obtained from Eqs. (10) and (11), if one exchanges
u-quarks by d-quarks and vice versa, respectively.
In order to be able to calculate the QCD part of the sum rules, one
needs to know the matrix elements 〈γ(q)|q¯Aiq|0〉. Upto twist-4, the non-zero
matrix elements given in terms of the photon wave functions are [22-24]:
〈γ(q)|q¯γαγ5q|0〉 = f
4
eqǫαβρσǫ
βqρxσ
∫ 1
0
dueiuqxψ(u)
〈γ(q)|q¯σαβq|0〉 = ieq〈q¯q〉
∫ 1
0
dueiuqx
5
× {(ǫαqβ − ǫβqα)[χφ(u) + x2[g1(u)− g2(u)]]
+ [qx(ǫαxβ − ǫβxα) + ǫx(xαqβ − xβqα)] g2(u)} (14)
where χ is the magnetic susceptibility of the quark condensate and eq is the
quark charge. The functions φ(u) and ψ(u) are the leading twist-2 photon
wave functions, while g1(u) and g2(u) are the twist-4 functions.
Note that, since we have assumed massless quarks, mu = md = 0, and
exact SU(2) flavor symmetry, which implies 〈u¯u〉 = 〈d¯d〉, the u and d quark
propagators are identical, Su = Sd, whereas for the wave functions, the only
difference is due to the different charges of the two quarks. The general
expressions given by Eqs. (10) and (11), under exact SU(2) flavor symmetry
lead to the following results:
Π∆
++
µν = −
1
2
euC
Π∆
+
µν = −
1
6
(2eu + ed)C
Π∆
0
µν = −
1
6
(2ed + eu)C
Π∆
−
µν = −
1
2
edC (15)
where C is a factor independent of the quark charges. From Eq. (15), the
following exact relations between theoretical parts of the correlator functions
immediately follows:
Π∆
+
µν = −Π∆
−
µν =
1
2
Π∆
++
µν
Π∆
0
µν = 0 (16)
Hence, from now on, only the results for ∆++ will be reported and for the
other ∆’s, the corresponding results can be obtained from the Eqs. (16).
Using Eqs. (12) and (14), from Eq. (10) and after some algebra and after
performing Fourier transformation, for the coefficient of the structure
gµν 6p1 6ǫ 6p2, we get:
Π = eu
∫ 1
0
du
{
fψ(u)
48π2
[
4 ln(−P 2) + 〈g
2G2〉
12P 4
]
+
+
8
3P 4
〈u¯u〉2[g1(u)− g2(u)] + χφ(u)〈u¯u〉
2
6P 2
(
m20
P 2
+ 4
)
+
6
+
2〈u¯u〉2
3P 4
− 〈g
2G2〉
768π4P 2
− 3P
2 ln(−P 2)
64π4
}
(17)
where P = p+ qu. In Eq. (17), polynomials in P 2 are omitted since they do
not contribute after the Borel transformation.
As stated earlier, in order to obtain the sum rules, one equates the phe-
nomenological and theoretical expressions obtained within QCD. After per-
forming the Borel transformation on the variables p2 and (p+ q)2 in order to
suppress the contributions of the higher resonances and the continuum, the
following sum rules is obtained for the magnetic moment of ∆++:
gM =
3eu
λ2∆
e
M
2
∆
M2
{
fψ(u0)
12π2
[〈g2G2〉
48
−M4f1( s0
M2
)
]
+
+
8
3
〈u¯u〉2[g1(u0)− g2(u0)]+
+
χφ(u0)〈u¯u〉2
6
[
m20 − 4M2f0(
s0
M2
)
]
+
2〈u¯u〉2
3
+
〈g2G2〉M2
768π4
f0(
s0
M2
) +
3M6
64π4
f2(
s0
M2
)
}
(18)
where the functions
fn(x) = 1− e−x
n∑
k=0
xk
k!
(19)
are used to subtract the contributions of the continuum. In Eq. (18), s0 is
the continuum threshold,
u0 =
M21
M21 +M
2
2
1
M2
=
1
M21
+
1
M22
As we are dealing with just a single baryon, the Borel parameters M21 and
M22 can be taken to be equal, i.e. M
2
1 = M
2
2 , from which it follows that
u0 = 1/2.
3 Numerical Analysis
From Eq. (18), one sees that, in order to calculate the numerical value of
the magnetic moment of the ∆++, besides several numerical constants, one
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requires expressions for the photon wave functions. It was shown in [22, 23]
that the leading photon wave functions receive only small corrections from
the higher conformal spin, so they do not deviate much from the asymptotic
form. Following [23, 24], we shall use the following photon wave functions:
φ(u) = 6uu¯
ψ(u) = 1
g1(u) = −1
8
u¯(3− u)
g2(u) = −1
4
u¯2
where u¯ = 1 − u. The values of the other constants that are used in the
calculation are: f = 0.028GeV 2, χ = −4.4GeV −2 [25] (in [26], χ is estimated
to be χ = −3.3GeV −2), 〈g2G2〉 = 0.474GeV 4, 〈u¯u〉 = −(0.243)3GeV 3,
m20 = (0.8± 0.2)GeV 2 [27], λ∆ = 0.038 [28].
Having fixed the input parameters, our next task is to find a region of
Borel parameter, M2, where dependence of the magnetic moments on M2
and the continuum threshold s0 is rather weak and at the same time the
higher dimension operators, higher states and continuum contributions re-
main under control. We demand that these contributions are less then 35%.
Under this requirement, the working region for the Borel parameter, M2, is
found to be 1.1GeV 2 ≤ M2 ≤ 1.4GeV 2. Finally, in this range of the Borel
parameter, the magnetic moment of ∆++ is found to be (4.55±0.03) µN . This
prediction on the magnetic moment is obtained at s0 = 4.4GeV
2. Choos-
ing s0 = 3.8GeV
2 or s0 = 4.2GeV
2 changes the result at most by 6%(see
Fig. 1). The calculated magnetic moment is in good agreement with the
experimental result (4.52±0.50±0.45)µN [14]. Our results on the magnetic
moments for ∆+, ∆0 and ∆− are presented in Table 1. For completeness,
in this table, we have also presented the predictions of other approaches.
Comparing the values presented in Table 1, it is seen that our predictions on
magnetic moments is larger than the QCDSR predictions.
Finally, for the calculation of the magnetic moments of other members of
the decuplet (which contain at least one s-quark), the correction due to the
strange quark mass should be taken into account. Their calculations would
be presented in a future work.
8
References
[1] M. A. Shifman, A. I. Vainstein, and V. I. Zakharov, Nucl Phys. B147,
385 (1979)
[2] L. I. Reinders, H. R. Rubinstein, and S. Yazaki, Phys. Rep. 127C, 1
(1985)
[3] B. L. Ioffe, Nucl. Phys. B188, 317 (1981); B191, 591(E) (1981)
[4] V. Chung, H. G. Dosch, M. Kremer, and D. Scholl, Nucl. Phys. B197,
55 (1982)
[5] B. L. Ioffe, and A. V. Smilga, JETP Lett 37 (1983) 250
[6] B. L. Ioffe, and A. V. Smilga, Nucl. Phys. B232 (1989) 109
[7] I. I. Balitsky, and A. V. Yung, Phys. Lett 1290 (1983) 328
[8] C. B. Chiu, J. Pasupathy, S. L. Wilson, and C. B. Chiu, Phys. Rev.
D33, 1961 (1986)
[9] J. Pasupathy, J. P. Singh, S. L. Wilson, and C. B. Chiu, Phys. Rev.
D36, 1457 (1987)
[10] V. M. Belyaev, preprint ITEP-118 (1984) unpublished
[11] F. X. Lee, Phys.Rev. D57, 1801 (1998)
[12] A. Bosshard et al., Phys. Rev. D44, 1962 (1991)
[13] L. Heller, S. Kumano, J.C. Martinez, and E.J. Moniz, Phys. Rev. C35,
718 (1987)
[14] N. B. Wallace et al., Phys. Rev. Lett. 74 (1995) 3732
[15] V. M. Braun, preprint hep-ph/9801222
[16] V. M. Braun, preprint hep-ph/9911206
[17] V. M. Braun and I. E. Filyanov, Z. Phys C44 (1989) 157
[18] Y. Takahashi, An Introduction to Field Quantization (Pergamon Press,
London, 1969)
9
[19] V. M. Belyaev, preprint CEBAF-TH-93-02, hep-ph/9301257
[20] D. R. Leinweber, T. Draper, and R. M. Woloshyn, Phys. Rev D46, 3067
(1992)
[21] B. L. Ioffe, Z. Phys. C18 (1983) 67
[22] I. I. Balitsky, V. M. Braun, and A. V. Kolesnichenko, Nucl. Phys. B312,
509 (1989)
[23] V. M. Braun and I. E. Filyanov, Z. Phys. C48, 239 (1990)
[24] A. Ali and V. M. Braun, Phys. Lett. B359, 223 (1995)
[25] V. M. Belyaev and Ya. I. Kogan, Yad. Fiz. 40 (1984) 1035
[26] I. I. Balitsky and A. V. Kolesnichenko, Yad. Fiz. 41 (1985) 282
[27] V. M. Belyaev and B. L. Ioffe, Sov. Phys. JETP 56 493,1982
[28] F. X. Lee, Phys.Rev. C57 (1998) 322
[29] D.B. Leinweber, T. Draper, and R.M. Woloshyn, Phys. Rev. D46, 3067
(1992).
[30] M.N. Butler, M.J. Savage, and R.P. Springer, Phys. Rev. D49, 3459
(1994).
[31] F. Schlumpf, Phys. Rev. D48, 4478 (1993).
[32] Particle Data Group, Phys. Rev. D45, 1 (1992).
[33] H.C. Kim, M. Praszalowicz, and K. Goeke, Phys.Rev. D57 (1998) 2859
[34] S. T. Hong, D. P. Min prep. hep-ph/9909004
10
Table 1: Comparisons of ∆ baryon magnetic moments from various cal-
culations: this work (LCQSR),QCDSR [11] lattice QCD (Latt) [29], chi-
ral perturbation theory (χPT) [30], light-cone relativistic quark model
(RQM) [31], non-relativistic quark model (NQM) [32], chiral quark-soliton
model (χQSM) [33], chiral bag-model (χB) [34]. All results are in units of
nuclear magnetons.
Baryon ∆++ ∆+ ∆0 ∆−
Exp. 4.5±1.0 ∼ 0
LCQCD 4.4±0.8 2.2±0.4 0.00 -2.2±0.4
QCDSR 4.13±1.30 2.07±0.65 0.00 -2.07±0.65
Latt. 4.91±0.61 2.46±0.31 0.00 -2.46±0.31
χPT 4.0±0.4 2.1±0.2 -0.17±0.04 -2.25±0.25
RQM 4.76 2.38 0.00 -2.38
NQM 5.56 2.73 -0.09 -2.92
χQSM 4.73 2.19 -0.35 -2.90
χB 3.59 0.75 -2.09 -1.93
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Figure 1: The dependence of the magnetic moment of ∆++ on the borel
parameter M2 (in nuclear magneton units) for three different values of the
continuum threshold, s0.
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